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This paper builds on the peridynamic state-based beam model to represent the bending of a Kirchhoff–
Love plate. This model is non-ordinary and derived from the concept of a rotational spring between
bonds. A simple extension of the beam model reproduces plate bending with a Poisson ratio of m ¼ 13,
which can be combined with a 2D linear peridynamic solid model to simulate mixed in-plane and trans-
verse loading. The addition of an isotropic bending state term extends the model to arbitrary Poisson
ratios. Simple test cases demonstrate the model’s performance.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Modeling material failure is one of the most common chal-
lenges in mechanical engineering analysis. When processes such
as fracture are modeled, the partial–differential equations of clas-
sical mechanics are undeﬁned at the resulting discontinuities in
displacement. A peridynamic formulation of continuummechanics
casts material behavior in terms of integral functions of displace-
ment (as opposed to gradients of displacement), so that disconti-
nuities can evolve naturally and require no special treatment.
Various peridynamic material models capture the deformation
behavior of 3-dimensional solid objects (Silling et al., 2007;
Silling and Askari, 2005; Gerstle et al., 2007), but would be very
expensive to implement for a thin plate or beam, as the thru-thick-
ness discretization requirement to properly capture resistance to
bending would be prohibitively expensive in a computational set-
ting for a long, slender structural object. Other peridynamic models
capture tension and compression in 1D bars (Silling et al., 2003)
and 2D membranes (Silling and Bobaru, 2005), but these features
do not resist transverse displacement. A recent paper by Taylor
and Steigmann (2013) reduces a bond based 3D plate to two
dimensions with an integral through the plate’s thickness. This cre-
ates a model that can represent thin structures and includes a
bending term, which resists transverse wrinkling behavior in a
simulation of crack growth under tension loading. The model is
limited to the 2D bond-based Poisson ratio m ¼ 13, though the same
technique could be applied to a state-based model at the expenseof complexity. Outside of peridynamics, weakly nonlocal contin-
uum mechanics models date to the work of Kröner (1967) and of
Eringen and Edelen (1972), and include higher-order displacement
derivatives. A nonlocal plate model by Ansari et al. (2010) applies
Eringen elasticity to Mindlin plate theory, an approach which cap-
tures scale effects but imposes even stricter continuity require-
ments than the classical formulation.
The peridynamic formulation of continuum mechanics deﬁnes
material behavior at a point as an integral function of the behavior
of nearby points. By doing so, it eliminates the need to calculate
gradients of displacement (required in classical continuum
mechanics) and the accompanying continuity requirements. This
is particularly valuable when examining material failure, in which
discontinuous displacements feature heavily. Because predicting
and modeling material failure is a primary goal of many analyses,
peridynamic material models have attracted signiﬁcant interest,
resulting in several 3D solid material models (Silling et al., 2007;
Silling and Askari, 2005; Gerstle et al., 2007). Similar models have
been used to capture tension and compression in 1D bars (Silling
et al., 2003) and 2D membranes (Silling and Bobaru, 2005), but
using them to model bending behavior requires a discretization
with several nodes through the thickness of the feature, resulting
in very computationally expensive models. A recent paper by
Taylor and Steigmann (2013) approaches this problem by reducing
a bond based 3D plate to two dimensions with an integral through
the plate’s thickness. This creates a model that can represent thin
structures with courser discretization. Although Taylor and Steig-
mann’s model includes a bending term, it is demonstrated only
for in-plane loading. The model is limited to the 3D bond-based
Poisson ratio m ¼ 14, though the same technique could be applied
to a state-based model at the expense of complexity.
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by the authors of this article took a different approach, developing
a constitutive model that directly resists bending while maintain-
ing the same conservation of momentum equation as the 3D
model. The resulting bending model was shown to reproduce
Euler–Bernoulli beam bending based on either linear elasticity or
Eringen elasticity.
This paper extends the author’s previous work on 1D beams to
model the bending of a ﬂat Kirchhoff–Love plate. The resulting
1-parameter model is constrained to a Poisson ratio m ¼ 13. The
model is combined with an extension-based model to capture
the effect of in-plane forces on bending behavior. By introducing
an isotropic bending-state, the model is extended to any valid
Poisson ratio. In addition to directly modeling a thin ﬂat plate in
bending, the simple plate case lays the theoretical framework for
more complex peridynamic plate and shell bending models.
Because many analyses of interest are partly or wholly comprised
of these types of features, their development is an important addi-
tion to the capabilities of peridynamic analysis.
The second section of this paper provides a brief introduction to
peridynamics, including state-based models. The third section pre-
sents the state based plate model and demonstrates equivalence to
1-parameter classical Kirchhoff–Love plate theory in the limit of
vanishing nonlocality. Also in the third section, the bending model
is combined with an extension-based model to resist both in-plane
and out-of-plane deformations. The fourth section introduces the
isotropic bending-state and extends the plate to arbitrary Poisson
ratios. The ﬁfth section demonstrates the model with simple test
cases.Fig. 1. Illustration of a bond pair model that resists angular deformation.2. Peridynamics
Stewart Silling ﬁrst developed the theory of peridynamics in
Silling (2000) to mitigate the problems associated with the unde-
ﬁned partial derivatives that attend the formation of cracks. The
name refers to the force exerted on a point by material points a
ﬁnite distance away. As a strongly nonlocal model, peridynamics
casts material behavior at a point as the integral equation
qðxÞ€uðxÞ ¼
Z
X
fðx;qÞdVq þ bðxÞ
rather than the classical partial–differential equation. Instead of the
divergence of stress, we have the integral of a ‘‘force’’ functional f
of the position vector x and the position vector q of a point within
the body domain X. This force functional may depend on x;q, their
deformed positions, the original and deformed positions of other
points in X, history, etc.
Constitutive modeling of a wide variety of materials is accom-
plished by choosing the appropriate form for the force function.
While the simplest force functions recreate a one-parameter linear
elastic solid material (Silling, 2000), other force functions can be
used to model nonlinear elasticity, plasticity, damage, and many
other behaviors (Silling and Bobaru, 2005; Dayal and
Bhattacharya, 2006; Gerstle et al., 2007; Silling et al., 2007;
Warren et al., 2009; Foster et al., 2010, 2011; Taylor and
Steigmann, 2013; O’Grady and Foster, 2014).
To describe force functionals that incorporate the behavior of a
totality of points in the nearby material (not just x and q), we
introduce the concept of a peridynamic state. Introduced by
Silling et al. (2007), states are functions of the behavior of the con-
tinuum points surrounding each location. The most common states
are scalar-states and vector-states which are scalar and vector val-
ued, respectively.
Unlike a second order tensor, which can only map vectors line-
arly to other vectors, vector-states can produce nonlinear or evendiscontinuous mappings. Important properties of states are magni-
tude and direction, while important operations include the addi-
tion and decomposition of states, inner and tensor products, and
the Fréchet derivative of a function with respect to a state
(Silling et al., 2007).
Conservation of linear momentum in the state-based peridy-
namic formulation results in the equation of motion,
qðxÞ€uðxÞ ¼
Z
X
ðT½xhq xi  T½qhx qiÞdVq þ bðxÞ; ð1Þ
in which T[ ]hi is a force vector-state that maps the vector in angle
brackets, hi, originating at the point in square brackets, [ ], to a force
vector acting on that point. The deformed image of the vector
ðq xÞ is deﬁned as the deformation vector-state, usually denoted
Y and formulated as shown in Eq. (2) for a displacement ﬁeld u.
Y½xhq xi ¼ ðq xÞ þ ðuðqÞ  uðxÞÞ ð2Þ
Just as stress and strain are work conjugate, so too are the force
and deformation vector states for hyperelastic materials. If the
force state T is always in the same direction as the deformation
state Y, then the force exerted by a ‘‘bond’’ between points is in
the same direction as the deformed bond, and the model is called
ordinary. Models in which they are not in the same direction are
called non-ordinary. Silling et al. discussed the possibility of such
models in Silling and Lehoucq (2010), but little work has touched
on their use. Foster et al. (2010) and Warren et al. (2009) showed
that correspondence models, which approximate a deformation
gradient and use it to calculate bond forces based on classical con-
stitutive models, result in non-ordinary state based constitutive
models for ﬁnite deformations. Recent work by O’Grady and
Foster (2014) uses a non-ordinary material model to simulate
bending in 1D beams.3. Model development
Consider the material model illustrated in Fig. 1 in which every
bondvector n ¼ q x emanating fromapoint is connectedbya rota-
tional spring to its opposite emanating from that same point. These
pointsandbondsare illustrated in thecontextof aplate inFig.2. Ifwe
call the deformed angle between these bonds h, and choose the
potential energy of that spring to be wðnÞ ¼ xðnÞa½1þ cosðhÞ for
the bond pair n andn, we can recover the non-ordinary force state
proposed by Silling et al. (2007) and analyzed in O’Grady and Foster
(2014) by taking the Fréchet derivative. For the derivation and a
description of the Fréchet derivative see Appendix A.
Thni ¼ rw Yhnið Þ ¼ xðnÞ ajYhnij
Yhni
jYhnij 
Yhni
jYhnij 
Yhni
jYhnij
 
ð3Þ
Though it looks complex, Eq. (3) indicates a bond force perpen-
dicular to the deformed bond and in the plane containing both the
deformed bond and its partner as illustrated in Fig. 3. The moment
that resists the change in angle between partner bonds is propor-
tional to the sine of the angle between them, therefore the force
magnitude is proportional to the sine of the angle between the
bonds divided by the length of the deformed bond. This response
is consistent with the idea of a rotational spring between bonds
as long as the change in angle is small. Because the potential
Fig. 2. Illustration of a bond pair on a plate.
Fig. 3. Deformation and force vector states.
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bonds, we will call this formulation a bond-pair model. Other
choices for the bond-pair potential function, such as w ¼ ðp hÞ2,
are also possible, but result in more mathematically complex
analysis.
3.1. Energy equivalence
To determine an appropriate choice of a, we desire our peridy-
namic model to have an equivalent strain energy density to a clas-
sical Kirchhoff plate in the local limit, i.e. when the nonlocal length
scale vanishes. We will begin with the assumptions from Kirchhoff
plate theory: straight lines normal to the mid-surface remain both
straight and normal to the deformed mid-surface, and the plate
thickness does not change with deformation. While we will start
with the original assumptions from Kirchhoff–Love plate theory
of small displacements and rotations, they will not constrain the
validity of the model for larger displacements and rotations. For
small vertical displacements we have
hðYhni;YhniÞ  p zðxþ nÞ  2zðxÞ þ zðx nÞjnj ; ð4Þ
where z is the vertical displacement of material point. Taking
n ¼ nðcosð/Þ; sinð/ÞÞ in cartesian coordinates and momentarily
assuming continuous displacements for the sake of comparison,
we use a Taylor series to expand the right-hand-side of Eq. (4) about
n ¼ 0
hðYhni;YhniÞp n
2
cos2ð/Þj1þsin2ð/Þj2þ2sinð/Þcosð/Þj3
 
þOðn3Þ
ð5Þ
with
j1 ¼ @
2z
@x21
; j2 ¼ @
2z
@x22
; j3 ¼ @
2z
@x1@x2
substituting Eq. (5) into the equation for the strain energy density of
a single bond-pair,
w ¼ xðnÞa 1þ cosðhðYhni;YhniÞÞ½ 
¼ xðnÞa n
2
8
ðj21 cos4ð/Þ þ j22 sin4ð/Þ þ 2j1j2 cos2ð/Þ sin2ð/Þ
þ 4j23 cos2ð/Þ sin2ð/Þ þ 4j1j3 cos3ð/Þ sinð/Þ þ 4j2j3 cosð/Þ
 sin3ð/ÞÞ þ Oðn4Þ:If we use a weighting functionxðnÞ ¼ xðnÞ and assume that the
x plays the role of a localization kernel, i.e. x ¼ 0 8 n > d, the
resulting strain energy density, W, for any material point in the
peridynamic plate is
W ¼ a
Z d
0
Z 2p
0
w nd/dn;
¼ a3p
8
j21 þ j22 þ
2
3
j1j1 þ 43j
2
3
 Z d
0
xðnÞn3dnþ Oðd6Þ:
Equating W with the classical Kirchhoff plate strain-energy
density, X, and taking the limit as d! 0 we can solve for a
lim
d!0
W ¼X;
a
3p
8
m j21þj22þ
2
3
j1j1þ43j
2
3
 
¼ Gh
3
12ð1mÞ j
2
1þj22þ2mj1j1þ2ð1mÞj23
 	" #
m¼1=3
;
a¼2Gh
3
3m
; ð6Þ
with
m ¼
Z d
0
Z 2p
0
xðnÞn2nd/dn;
where G is the shear modulus, h is the thickness of the plate, and we
have evaluated the classical Kirchhoff strain-energy at a Poisson
ratio of 13 in order to solve for alpha as a constant. Because a is inver-
sely proportional to m, the energy does not change with varying
choices for x and d. It should be noted that the restriction m ¼ 13 is
the same imposed by the use of a bond based peridynamic model
for in-plane deformation of a 2D peridynamic plate. We will show
an extension to this model that removes this restriction in Section 4.
3.2. Combining bending and extension models
The bond-pair bending model does not resist in-plane stretch-
ing or shear deformation because these deformations preserve
the angles between opposite bonds. If these behaviors are expected
in combination with bending, a useful model must resist both in-
plane and transverse deformations. To create a plate model that
also resists these deformations, i.e. a ﬂat shell, we combine the
bond-pair model with a two-dimensional version of the original
bond-based linearly-elastic peridynamic solid model from Silling
(2000). In this model, individual bonds act as springs resisting
changes in length.
Thni ¼ b jYhnij  jnjð Þ YhnijYhnij ð7Þ
By matching the energy of a 2D material in shear deformation,
we can relate b to the shear modulus and thickness of the shell.
Following the example of Silling et al. (2007), we begin with a
2D material under pure in-plane shear. In Einstein notation, the
strain energy of this material is
WC ¼ G h dijdij;
WPD ¼ b2
Z
A
xðnÞ jYhnij  jnjð Þ2 dAn;
¼ b
2
Z
A
xðnÞ ijninjjnj
klnknl
jnj dAn;
¼ b
2
dij
d
kl
Z
A
xðnÞ
jnj2
ninjnknl dAn:
where d is the deviatoric strain tensor. Now, to evaluate the inte-
gral we will exploit the symmetry properties. With i; j; k; l ¼ 1;2.
For a circular xðnÞ ¼ xðjnjÞ, combinations of fi; j; k; lg with an odd
number of each index, such as f1;1;1;2g or f2;1;2;2g, will result
in odd powers of sine and cosine and integrate to 0.
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Z
A
xðnÞjnj2 dAn
WdPD ¼
bm
16
3ð1111 þ 2222Þ½
þ 1122 þ 1212 þ 1221 þ 2112 þ 2121 þ 2211Þð 
¼ bm
16
dij
d
kl dijdkl þ dikdjl þ dildjk
 	 ¼ bm
8
dij
d
ij ) b ¼
8 G h
m
Having calibrated the bond-extension model to the shear mod-
ulus, applying a different uniform strain (such as might result from
uniaxial tension) reveals the bond-based model to result in a one-
parameter linearly-elastic model with Poisson’s ratio m ¼ 13.
Combining the bending and extension models allows for the
description of more complex behaviors, particularly the stiffening
effect of in-plane tension on the transverse bending of a shell. Con-
sider a single bond-pair in the combined model shown in Fig. 4. As
the two sides are pulled apart, the magnitude of the extension
force in each bond increases, and the magnitude of the bending
force decreases. At the same time, the angle at which the extension
force acts decreases, and the angle of action for the bending force
increases. For small amounts of bending and reasonable stretches,
increased tension in the direction of the bond pair results in
increase restorative force.
4. Extension to arbitrary Poisson ratio
Although many materials have Poisson ratios of m  13, it is none-
theless desirable to extend the model to materials with arbitrary
Poisson ratios. For isotropic, linearly elastic models of solid mate-
rials, Silling et al. extended the peridynamic material model to
arbitrary material parameters in Silling et al. (2007) by decompos-
ing the deformation into isotropic and deviatoric components. In
the absence of plastic deformation, we need only ﬁnd the differ-
ence between the strain energy of a deformed bond-based plate
and the strain energy of an elastic plate with Poisson’s ratio
m– 13. The difference is a function of the isotropic strain in two
dimensions, h2
W 0 ¼ G h
2
3m 1
1 m
 
h22
h2 ¼ 2m
Z
A
xðnÞjnjðjYhnij  jnjÞ dAn
W total ¼ G h2
3m 1
1 m
 
h22 þ
4 G h
m
Z
A
xðnÞðjYhnij  jnjÞ2 dAn
This is to be expected because the bond-based model was cali-
brated to the shear strain energy, leaving discrepancies propor-
tional to the isotropic strain energy that fall to 0 as Poisson’s
ratio approaches m ¼ 13.
This decomposition method inspires a similar approach to our
plate model. To perform the same extension for the plate model in
bending,we ﬁnd the error in the 1-parameter strain energy for m– 13
W 0 ¼ Gh
3
12ð1 mÞ j
2
1 þ j22 þ 2mj1j2 þ 2ð1 mÞj23
 	
 Gh
3
12ð1 13Þ
j21 þ j22 þ
2
3
mj1j2 þ 2ð1 13Þj
2
3
 
W 0 ¼ 2G h
3
12
3m 1
1 m
j1 þ j2
2
 2
:Fig. 4. The hybrid model combines bending and extension components.The discrepancy in energy is proportional to the square of aver-
age curvature, j1þj22 ¼ j, which we will also refer to as the isotropic
curvature. The isotropic curvature can be envisioned as the portion
of the deformation that resembles a hemispherical bowl. A com-
plete decomposition of bending energy into isotropic and deviator-
ic components as performed by Fischer (1992) produces a far more
complex model and is unnecessary at this time. For a single bond
pair we can represent the curvature vector along the bond pair as
jn^ ¼
Yhni þ Yhni
jnj2
For large rotations, we can deﬁne an average curvature vector j.
This leads us to model the average curvature as
j ¼ 1
m
Z d
0
Z 2p
0
xðnÞYhni þ Yhni
n2
nd/dn;
m ¼
Z d
0
Z 2p
0
xðnÞnd/dn:
The weighting function xðnÞ performs the same function as in
the previous section. We can rewrite the energy discrepancy in
terms of j.
W 0 ¼ 2G h
3
12
3m 1
1 m j
2:
We can take the Fréchet derivative (details in Appendix A) to
produce a correction force vector state
T0hni ¼ 8G
m
h3
12
3m 1
1 m
xðnÞ
n2
j; ð8Þ
that is not directly dependent on the deformation of a single bond
pair. Instead, Eq. (8) represents a bond-length dependent ‘‘pressure’’
applied to every pair of bonds extending from a node. This ‘‘pres-
sure’’ is proportional to the curvature vector at that node. A weight-
ing function xðnÞ ¼ jnj can ensure that the integral expression for
force at a point is convergent. This extra term that is dependent
on the bending of all the pairs around a material point means thatFig. 5. The bond-pair model converges on accurate plate deﬂection with smaller
horizons.
Fig. 6. Horizon must include sufﬁcient nodes.
Fig. 8. The combined model accurately captures the inﬂuence of in-plane tension.
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more accurate to call it a bond-multiple model, in which the bond
forces and energies are functions of the relationship between a fam-
ily of bonds. In either the continuous or discrete cases, this model
extension requires the additional step of evaluating the isotropic
curvature at each point, but the increased complexity of the
extended model captures in the local limit the behavior of a two-
parameter elastic material plate.Fig. 7. The bond-pair model converges on accurate plate deﬂection with ﬁner
discretization.5. Numerical simulation
5.1. Discretized model
Discretizing the bond-pair model is primarily matter of
exchanging integrals for sums.
wðniÞ ¼ xðniÞa 1þ cosðhðYhnii;YhniiÞÞ½ 
 xðniÞ
a
2
zðxþ niÞ  2zðxÞ þ zðx niÞ
ni
 2Fig. 9. The extended model matches for arbitrary Poisson’s ratio.
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n points within distance d of point x.
a ¼ c ðDxÞ
2
m
; c ¼ Gð1 mÞ
h3
12
; m ¼
Xn
i¼1
xðniÞn2i )
W ¼ ðDxÞ2
Xn
i¼1
xðniÞ
G
2ð1 mÞ
h3
12
zðxþ niÞ  2zðxÞ þ zðx niÞ
jnij
 2
Discretization of the 1-parameter bending model results in the
equation of motion
qðxÞ€uðxÞ¼ fðxÞþ
X
i
xðniÞ
aðxÞ
jpij
pi
jpij
 pijpij
 qijqij
 
aðxþniÞjpij
ðpiÞ
jpij


 ðpiÞjpij
 rijrij
 
ð9Þ
withFig. 10. Crack progression in dpi ¼ ni þ uðxþ niÞ  uðxÞ;
qi ¼ ni þ uðx niÞ  uðxÞ;
ri ¼ ni þ uðxþ 2niÞ  uðxþ niÞ:
Implementing the 2-parameter model requires ﬁnding the
isotropic curvature at each point.
jðxÞ ¼ 1
m
X
i
xðniÞ
pi þ qi
n2i
;
mðxÞ ¼
X
i
xðniÞ;
aisoðxÞ ¼ 4G
m
h3
12
3m 1
1 m ðDxÞ
2;
f isoðxÞ ¼
X
j
aisoðxÞjðxÞ  aisoðxþ njÞjðxþ njÞ
 xðnjÞ
n2j
( )ouble torsion brittle plate.
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that nodes be evenly spaced, Dx, throughout the entire plate, other-
wise the displacement zðx niÞ is undeﬁned. For this reason, the
discretization does not allow for areas of higher and lower ‘‘resolu-
tion’’. An extension to this discretization that would allow chang-
ing mesh resolution will require interpolation between the nodes.
5.2. Numerical method
Model behavior is evaluated by implementing the discretized
equation of motion. The case of a square plate simply supported
on all four sides is chosen for simplicity in both evaluation and
comparison. To implement the simply-supported condition, it
was sufﬁcient to constrain the vertical displacement of each node
along the plate’s four edges. Boundary conditions such as clamped
or guided supports and applied moments require careful treatment
to ensure both meaningful results and ease of computation. While
applying displacement constraints is straightforward, the appro-
priate way to apply an angle constraint or moment to a peridynam-
ic point or collection of points is less obvious.
Additionally, the simply-supported ﬂat plate is a conﬁguration
with signiﬁcant analytical treatment in the classical theories, mak-
ing a better comparison case than conﬁgurations that may require
comparison to ﬁnite element or other solution techniques.
5.3. Results
The simplest test case for this model is a linear-elastic square
plate with Poisson’s ratio m ¼ 13 that is simply-supported on all 4
sides with a uniform transverse pressure load on the entire surface
between the supports. As expected from an energy-equivalent
model, the slice along the plate’s centerline shown in Fig. 5 demon-
strates good agreement between the static deﬂection predicted by
the bond-pair model and that of classical linear elasticity as the
horizon length shrinks. This convergence only continues to a min-
imum horizon, below which the discretized equation of motion
(Eq. (9)) ceases to accurately approximate the continuous integral
formulation (Eqs. (1) and (3)). The minimum horizon size depends
on the discretization; it appears that three times the node spacing
is sufﬁcient, but that a horizon that is only twice the node spacing
is insufﬁcient. The difference is evident in Fig. 6, which also shows
that results are insensitive to ﬁneness of discretization once the
minimum horizon criterion is met. Accurate results require a den-
ser discretization than is the case for the elastic beams from previ-
ous work. Fig. 7 illustrates the model converging to the analytical
solution as the discretization is made ﬁner and the horizon shrinks.
The test case for the hybrid model is a similar simply-supported
square plate with an additional in-plane tension load along two
opposing sides. An analytical solution for this combination of uni-
form transverse pressure and in-plane edge tension can be found in
Timoshenko’s book Timoshenko et al. (1959). As is mechanically
intuitive, increasing in-plane tension results in decreasing trans-
verse displacement, while the opposite is true for compressive
edge loading. Normalized to the maximum displacement of a
transversely-loaded plate with no in-plane edge loads, the results
in Fig. 8 show that the hybrid model does a good job of simulating
the impact of in-plane tension on maximum transverse deﬂection.
The bond-multiple plate model is motivated by the desire to
extend the bending model to an arbitrary Poisson’s ratio, so the
obvious test for this model is the same as for the bond-pair model.
When compared to analytical predictions, Fig. 9 demonstrates the
bond-multiple model’s ability to simulate plates with Poisson’s
ratios that depart signiﬁcantly from the bond-pair limitation of
m ¼ 13.
Although these elastic examples demonstrate the accuracy of
the peridynamic model for simple bending, the deﬁning featureof peridynamic models is the ability to simulate discontinuity
and failure. To model simple brittle failure, a critical angle is com-
puted for each bond pair based on the lengths of the connected
bonds and the material and discretization properties. When a bond
pair exceeds the critical deformation angle, its stiffness is set to 0
for the rest of the simulation. To demonstrate the behavior of this
model, a controlled-displacement double-torsion fracture test was
simulated with the bond-pair model. A good review of the double-
torsion test is available in Shyam and Lara-Curzio (2006). The sim-
ple qualitative results are shown in Fig. 10, colored by the fraction
of failed bond pairs around each node. For each successive dis-
placement load, the stable progression of the damaged region
extends further into the plate.
This result is intended to be a qualitative demonstration of
potential rather than an in-depth analysis of the brittle failure
model. A more thorough treatment of this and other failure models
will be the subject of future work.6. Conclusion
The non-ordinary bond-pair model is the ﬁrst peridynamic
material model to directly resist bending deformation. Previously
introduced as a beam bending model, a simple extension to two
dimensions is demonstrated to accurately simulate a simple
Kirchhoff–Love plate example. When combined with a simple
bond-stretch model, the hybrid model successfully reproduces
the shell-stiffening behavior expected of a plate resisting combined
in-plane and transverse loads. Calculating isotropic bending and
extension states allows for a straightforward extension of both
models to account for isotropic deformation energy and enables
accurate modeling of plates with arbitrary Poisson’s ratios. A dem-
onstration of brittle fracture in a bending plate shows the potential
of this model to broaden the class of problems that can realistically
be modeled using peridynamics.7. Acknowledgement
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A.1. Deﬁnition
The derivative of a function of a state is deﬁned by Silling et al.
(2007) as follows:
Let W be a function of a state, WðÞ :Am !Ln. Suppose there
exists a state-valued function denoted rW 2Amþn such that
for any A 2Am and any DA 2Am,
WðAþ DAÞ ¼ WðAÞ þ rWðAÞ  DAþ oðjjDAjjÞ: ðA:1Þ
Then W is said to be differentiable and rW is called the Fréchet
derivative of W.
This is a fairly straightforward way of deﬁning a derivative with
respect to a state. Because the force vector-state and deformation
vector-state are work conjugate, the force vector-state can be
determined by taking the Fréchet derivative of energy with respect
to the deformation vector-state.
A.2. Bond-pair force
For the bond-pair model, we derive the bond force function
from the bond-pair energy function
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w ¼ x nð Þa 1þ cos h Yhni;Yhnið Þð Þ½ 
w Yhni þ DYhnið Þ ¼ x nð Þa 1þ cos h Yhni þ DYhni;Yhnið Þð Þ½ 
rw Yhnið Þ  DYhni ¼ w Yhni þ DYhnið Þ w Yhnið Þ
¼ x nð Þa sin h Yhni;Yhnið Þð Þ h Yhnið½
þ DYhni;YhniÞ  h Yhni;Yhnið Þ
h Yhni þ DYhni;Yhnið Þ  h Yhni;Yhnið Þ½  ¼ DYhnijYhnij  h^ Yhni;Yhnið Þ
To determine the h^ direction vector, we must construct a vector
that is normal to Yhni and that is in the plane containing both Yhni
and Yhni. The cross product of Yhni and Yhni is a vector normal
to that plane, so any vector normal to that cross product will be in
the correct plane. Therefore, the vector Yhni  Yhni  Yhni½  is
both normal to Yhni and is in the plane containing both Yhni and
Yhni. Normalizing gives us the h^ direction vector:
h^ Yhni;Yhnið Þ ¼ Yhni  Yhni  Yhni½ jYhnijjYhnijjYhnij sin h Yhni;Yhnið Þð Þ
We combine all of these to get the expression for bond force
found in Eq. (3).
Thni ¼ x nð Þ ajYhnij
Yhni
jYhnij 
Yhni
jYhnij 
Yhni
jYhnij
 A.3. Isotropic bending correction
To derive the bending ‘‘pressure’’ force, we start with the isotro-
pic energy discrepancy
W 0 ¼ 2G h
3
12
3m 1
1 m j
2:
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j Yð Þ ¼ 1
m
Z d
0
Z 2p
0
xðnÞYhni þ Yhni
n2
nd/dn
¼ 2
m
Z d
0
Z 2p
0
xðnÞYhni
n2
nd/dn
Because j is itself a vector-state, we will need to begin with the
change in j with respect to Y and carry the result through to ﬁnd
the change in W 0.
j Y þ DYð Þ ¼ 2
m
Z d
0
Z 2p
0
xðnÞYhni þ DYhni
n2
nd/dn
¼ j Yð Þ þ 2
m
Z d
0
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0
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n2
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3
12
3m1
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m
Z d
0
Z 2p
0
xðnÞDYhni DYhni
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j Yð ÞDYþo jjDYjjð ÞrW 0 Yð Þ¼Thni
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12
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This demonstrates the bond-length dependent ‘‘pressure’’
applied to each point in the neighborhood of a point with average
curvature j.
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